We examine the numerical and analytical approaches for calculation of the soliton scattering at point-like successive inhomogeneities of the driving force in a presence of thermal fluctuations. Considering the scattering as a measurement tool, we argue that the accelerated soliton propagation leads to an enhancement of the signal-tonoise ratio of the detector scheme due to a relativistic dependence of a soliton mass on its velocity. For an example of the Josephson vortex ballistic detector it is shown that for experimentally relevant parameters the signal-to-noise ratio value exceeds 100 that reveals a practical applicability of the considered measurement procedure. 20 , it has been shown that the jitter increase can be drastically suppressed due to relativistic Lorenz contraction of soliton's shape and its corresponding mass increase, occurring during acceleration. This result opened the way for optimization of circuits in respect to the thermal fluctuations.
Effect of spatial inhomogeneities of the driving force on the soliton dynamics was studied weakly, while due to the nonlinear complexity of the problem the joint effect of inhomogeneity and noise was not studied so far. Besides natural occurrence due to point feeding of cells in circuits, the inhomogeneity can be made artificially in order to develop a detecting scheme.
One In our work we for the first time study a relativistic soliton scattering on a spatial inhomogeneity of the driving force in the presence of thermal fluctuations by means of numerical modeling. We demonstrate that the scattering dynamics can be calculated analytically under certain conditions as well. Finally, we apply our methods for optimization of the ballistic detector scheme and estimation of its signal-to-noise ratio. In our consideration we restrict ourselves by a soliton solution of the sine-Gordon equation and Gaussian white noise, and neglect various quantum effects of soliton dynamics 27, 28 .
The sine-Gordon (SG) equation is standardly used for describing a fluxon dynamics in a JTL. For superconducting phase difference φ it can be written as follows:
where the space coordinate x and the time t are normalized to the Josephson penetration length λ J and to the inverse plasma frequency ω
c is the critical current, C is the JTL capacitance, R N is the normal state resistance. The dc overlap bias current density i, the fluctuational current density i f and the scattering one i s are normalized to the critical current density J c . The noise correlation function is:
where γ = I T /J c λ J is the dimensionless noise intensity 29, 30 , I T = 2ekT /h is the thermal current, e is the electron charge,h is the Planck constant, k is the Boltzmann constant and T is the temperature. If the scattering inhomogeneity has the width much less than the fluxon characteristic size λ J , the corresponding term can be expressed as i
where µ is the amplitude and x c is the central coordinate of the inhomogeneity.
Analytical approach to description of the fluxon scattering dynamics can be developed if all the perturbation terms in the equation (1) obtain the system of nonlinear differential equations for the fluxon velocity u and its central coordinate X corresponding to the SG equation (1):
where θ = (X − x c )/ √ 1 − u 2 , the velocity u is normalized to the Swihart velocity c = w p λ J , X is normalized to λ J , and the noise intensity ξ(t)ξ(t
This system is too complex to be solved directly but one can find an approximate solution by solving it by steps. 
We normalized the equations such that
Next, we can account for the scattering, considering it as a perturbation for the found solutions, omitting all perturbation terms except µ in the equations (2). While there is no simple solution for this system, we found an approximate solutions for µ ≪ 1 and u → 1:
The time dependences u 1 (t) and X 1 (t) corresponding to the obtained u 1 (θ 0 , u 0 ), X 1 (θ 0 , u 0 ) can be found approximately by renormalization of the time:
Finally, neglecting the found velocity dependence on the fluctuations and relativistic decrease of the damping (omitting the factor (1 − u 2 ) in front of the damping term in the system (2)), one can use the approach described in Ref. 20 which considers the fluxon as a massive Brownian particle, but with the time dependent noise intensity. The time variance D(t) of the process X 1 (t) and corresponding probability P (t) of finding the fluxon inside the JTL of the length L then can be expressed as follows:
These equations allow obtaining the mean fluxon traveling time τ and its standard deviation σ (jitter) in the JTL using the notion of the integral relaxation time 31 :
The described analytical approach can be generalized for any number of current inhomogeneities. For example, the scattering on the current dipole can be considered as two successive scatterings on the inhomogeneities spread over a distance of the dipole width
with inverse amplitudes µ 2 = −µ 1 . To develop an appropriate fluxon velocity and its central coordinate, one should first obtain u 1 , X 1 using µ 1 and x c1 in the system (4) and then use this system again with µ 2 , x c2 and obtained θ 1 , u 1 instead of θ 0 , u 0 . Since the system (4) is valid only for relativistic fluxon velocities, to consider the nonrelativistic case one should proceed with numerical evaluation of the system (2) in which the last terms should be substituted in generalized form for −(1 − u 2 ) n µ n sech(θ n )/4 and −u √ 1 − u 2 n µ n θ n sech(θ n )/4 in the two corresponding equations (n is the number of inhomogeneity). Still the fluctuational term ξ can be omitted with the further using of the equations (5)- (7) . If the perturbation terms of the SG equation (1) can not be considered small, this equation should be numerically calculated itself. It is useful then to substitute the delta function in the scattering term for some smoother function, e.g. hyperbolic secant 25 : In the work 18 it was argued that the major sources of the measurement errors in the detector are the fluxon jitter due to thermal fluctuations and the intrinsic qubit relaxation.
Therefore the signal-to-noise ratio (SNR) of the detector can be defined as
where τ µ,0 , σ µ,0 are the mean fluxon traveling time and its jitter in the JTL coupled with the qubit and in the reference JTL. Fig.s 1a-c show the detector time response ∆τ (which is the mutual delay of the fluxons at the end of the JTLs), the standard deviation of this time -the total jitter σ Σ and the SNR. The data were calculated using the analytical approach, numerical calculations of the corresponding system (2) with ξ(t) = 0 and further using of the equations (5)- (8), and the SG equation (1) with averaging over 10000 realizations. It is seen that the results obtained using these three methods agree well. The divergence occurs for the low bias current values where the fluxon velocity during scattering at the first inhomogeneity is relatively small.
Still, all the methods show the increase of the detector time response ∆τ and the SNR towards this bias current range because the dipole effect becomes more pronounced there.
At the same time the decrease of the fluxon velocity corresponds to the decrease of the soliton mass that can be considered as an increase of effective noise intensity. This leads to the jitter increase in accordance with the works 19, 20 . The difference of the values for the opposite dipole polarities is an exhibition of the relativistic effects.
To study the effect of a fluxon acceleration on the detector response we used numerical calculations of the system (2) minimize the stray effect of the second scattering we fixed the second inhomogeneity near the end of the JTL: x c2 = L − 5. While for the positive dipole polarity the SNR grows monotonically with the first inhomogeneity approaching the beginning of the JTL, as it is shown in Fig. 3a , the dependences for the negative polarity begin to bend down (Fig. 3b) that means that the fluxon moves so slowly, that the jitter begins to grow faster than the time response.
To calculate maximal SNR at the optimal point we fixed the first inhomogeneity at a distance x c1 = 5 from the beginning of the JTL and further used the bias current i = 0.048, maximizing SNR for this dipole placement. The detector SNR versus the JTL damping and versus the noise intensity is shown in Fig. 3c,d , respectively. The damping increase leads to extra compensation of the fluxon velocity deviation from its stationary value after each scattering, that is typical for a driven particle in a viscous media 18 . This blurs the response and accompanying by the jitter increase 19, 20 decreases the SNR. Since the jitter is proportional to the square root of the noise intensity 19 , the SNR scales as
For real experimental parameters the noise intensity γ = 10 typical for 4.2 K is also expected to be decreased by an order of magnitude 24 , that means that the SNR of the ballistic detector in the experiment should be well above 100.
In conclusion, we studied the fluxon scattering at the bias current inhomogeneities in the presence of thermal fluctuations in a long Josephson junction by means of the three theoretical methods. The scattering was considered also as a measurement tool of ballistic detector. It is shown that an accelerated soliton propagation is preferred in the measurement scheme providing an enhancement of the detector response and a suppression of effect of fluctuations due to relativistic dependence of a soliton mass on its velocity. The detector signal-to-noise ratio estimated for experimentally relevant parameters reveals its practical applicability for delicate (low level), e.g., quantum non-demolition measurements.
